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Abstract

This article focuses on algorithm representation by means of Petri

Nets. The basic structural features of algorithms are dictated by their

data and control dependencies. These dependencies refer to the prece-

dence relations of computation that need to be satis�ed in order to

compute the problem correctly. The absence of dependencies indi-

cates the possibility of simultaneous computations (the fewer depen-

dencies the bigger parallelism). This article presents a modeling strat-

egy, which is coherent for noniterative as well as iterative problems.

We show that the data dependencies of iterative problems with 'gen-

eral uniform constraints' can be modelled by an event graph (marked

graph). We distinguish between two modeling approaches - the �rst

based on the problem analysis and the second based on the sequential

algorithm for which we introduce the term IP-dependencies. We show

how to simplify the model by reduction of implicit places and self-loop

places. Importance of antidependencies and output dependencies is

underlined and algorithm transformations based on Petri Net analysis

is shown. This original approach allows us to put a knowledge of au-

tomatic parallelization via data dependence graphs and Petri Nets to

the same theoretical platform and to join the two scienti�c branches.

1 Model based on the problem analysis

In this paragraph we will focus on the situation when the model is con-

structed directly from the problem speci�cation given by n statemnts. It
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means that we do not make use of any sequential algorithm, because the

sequential algorithm speci�es in which order the instructions will be per-

formed. In other words, when we construct a model directly at the moment

when we make the problem analysis and there is no conditional branching

then the model contains just data dependencies.

The problems with uniform constraints (reference) consist of n state-

ments having the following form:

xi(k) = fi(x1(k � �i1); :::; xn(k � �in)) (1)

where k is the iteration index (k =0,1,2,...,), and �i1 to �in are constants

from N .

De�nition 1 The triple (G;L;H) is a uniform graph if it is such that:

G(V;E) is a directed graph where V is a set of vertices and E is a set of

edges

L : E ! fN + 0g is a length associated to each edge

H : E ! N is a height associated to each edge

With the aim to compare Data Dependence Graphs (DDGs) and Petri

Nets (PNs) we introduce a new term 'general uniform constraints' modeled

by general uniform graph (where L : E ! fZg is a length associated to each

edge) or special marked graph alowing negative number of tokens.

Modelled iterative problems are supposed to consist of n statements

having in general the following form:

xi(k + �i) = fi(x1(k � �i1); :::; xn(k � �in)) (2)

where:

k is the iteration index (k =0,1,2,...,)

�,� are constants from Z (this assumption implay that also negative num-

ber of tokens will be under considaration)

f1,...,fi,...,fn are functions Rn
�! R represented by the PN transitions

x1,...,xi,...,xn are variables from R represented by the PN places (each vari-

able is represented by so many PN places as many times it is read)

Rule 1: The PN model of iterative problems consisting of state-

ments given by Equation 2 can be constructed in the following

way:

1) create the transition Ti for each statement given by the func-

tion fi with the ouput places corresponding to the output variables
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(matrix Post) - there are so many output places corresponding

to a given variable as many times the variable is used

2) put � tokens into the transition output places

3) draw arcs from places to transitions (matrix Pre)

4) put � tokens into the transition input places.

Remark: Notice that if some � and � are negative numbers then the

resulting number of tokens need not be negative.

Finally, a positive number of tokens in the PN model corresponds to

variables that have to be initialized. An algorithm, reading data before

their actualisation, implies that a certain part of the model is not live (e.g.

comprising a negative number of tokens in a place).

2 Model based on the sequential algorithm

The way of data representation by the PN places does not match the real

function of the data in the computer. The data in the computer memory are

written once and could be read several times but the token in the PN is put

to the place once and got also once. In other words this way of representing

an algorithm by PNs is not exactly correct because PNs were designed to

represent ows of control and not ows of data. For a correct use of PNs it

is necessary to have the following restriction: each datum is represented by

so many places as many times the datum is used.

2.1 Acyclic algorithms

In many sequential programs, there are dependencies that are introduced

arti�cially by the programmer and that may be eliminated. Imagine for

example an algorithm for the noniterative problem stated in Figure ??:

Example 1:

T0: A = X . X

T1: B = A - 1

T2: C = A + 1

T3: Y = C . B

Example 1 sequentializes execution of statements T1 and T2. This kind

of control dependencies is given by an instruction pointer and will be called

IP dependencies in the rest of this article. IP dependencies will be modelled
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by thick lines. When modelling a sequential algorithm without conditional

branching there should always be an oriented path of IP dependencies going

through all transitions and holding just one token. It is obvious that IP de-

pendencies are very often implicit to data dependencies. In other words data

dependencies order partially execution of statements while IP dependencies

order totaly execution of statements.

The model of the algorithm given in Example 1 is shown in Figure 1.
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Figure 1: Representation of the algorithm from Example 1

2.2 Cyclic algorithms

Example 2: consider an example algorithm given by the follow-

ing pseudo-code:

k = 0;

while TRUE

k = k + 1

x1(k) = 3 � x7(k � 1)

x2(k + 2) = x1(k � 2) + 4

x3(k) = x1(k)=6
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x4(k + 1) = 2 � x3(k)

x5(k � 1) = x2(k + 1) + x4(k + 1)

x6(k) = x3(k � 1) + 100

x7(k) = x5(k � 1)=x6(k)

endwhile;

This code is represented by a PNmodel given in Figure 2. The PN model

is constructed with use of Rule 1, in addition it includes IP dependencies.

Markings correspond to the presence of valid data computed by the previous

transition or assigned to in the algorithm initialisation.
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Figure 2: PN representation of Example 2

2.3 Detection and removal of antidependencies and

output dependencies in a PN model

Many dependencies are inherent, and cannot be removed. However they

may be modi�ed by various transformation techniques. Profound analysis

of this problem was done by researchers using data dependence graphs (see

[7] for more details). The aim of this article is to show that similar analysis
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can be done also with the use of Petri Nets. It is important to notice that the

analysis done by DDGs is based on a computer art knowledge. On the other

hand the analysis done by means of Petri Nets brings a new perspective

arising from the fact that Petri Nets are a mathematical and visualisation

tool with profound theoretical background.

Example 3: consider a simple sequence of statements contain-

ing an antidependence:

T1: A = B

T2: B = C

B

A

IP1

C B

A

IP1

C

BB

1
B

A

IP1

C

T1 T2 T1 T2 T1 T2

(b) (c)(a)

Figure 3: Detection (a) and removal (b) of antidependence

This example shows a simple situation where variable B is used twice,

but it can be replaced by two independent variables. The PN model, given in

Figure 3(a), contains one P-invariant IP1 �B with zero tokens. In order to

eliminate this P-invariant, evoking a deadlock situation, it is needed either

to split IP1 (that means to change the order of the operations T1 and T2

! but this change would bring a result di�erent from the original one) or

to split B as shown in Figure 3(b). In this case B becomes an initialized

variable (as well as variable C) which matches very well the real situation.

Remark: Please notice that the task is to remove dependencies and

corresponding cycles, not only to avoid the deadlock situation (in such case

it will be su�cient only to put one token to B as shown in Figure 3(c), that
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means to initialize the variable B). In the terminology of DDGs we can

state that it is possible to remove antidependence and output dependence,

but it is not possible to remove ow dependence represented by a normal

(not IP) place in the PN model. Figure 3(c) has no more antidependence,

but there is a ow dependence due to variable B which disables to �re T1
and T2 simultaneously.

Example 4: consider the following loop program containing an

antidependence:

FOR k=1:N

T1: A(k) = B(k)

T2: C(k) = A(k+2)

The PN model, given in Figure 4(a), contains a P-invariant A�IP0 with

minus one token. Please notice that this situation will be represented in

DDG by means of a ow dependence with negative value in the dependence

vector, but in fact it reects the same relation as an antidependence.

In order to eliminate the P-invariant A�IP0 it is needed to split variable

A as shown in Figure 4(b). A negative number of tokens in the initialized

variable A shows a shift of this vector. So the resulting code corresponding

to Figure 4(b) is as follows (the fact, that the vector B is initialized too, is

omitted):

initialize(A(3:N+2))

FOR k=1:N

T1: AA(k) = B(k)

T2: C(k) = A(k+2)

Rule 2: An antidependence is related to a non-live part of a

Petri Net. In the case of event graphs it is related to a P-

invariant with a non positive number of tokens.

Remark: There is a polynomial-time algorithm �nding a deadlock in

event graphs based on Theorem 1 given in [4] (marking is live i� the token

count of every directed circuit is positive). If the graph is strongly con-

nected, then it is su�cient to erase all places holding token and then look

for existence of directed circuit. If the event graph is not strongly connected,

then it is a bit more complicated (one has to compute the strongly connected

components), but the problem is still polynomial.
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Figure 4: Antidependence in a cyclic algorithm

Example 5: consider a simple sequence of statements contain-

ing an output dependence:

T1: A = B

T2: A = C

T3: D = A

The PN model, given in Figure 5(a) demonstrates the place Ax to be

implicit to IP1 �Ay. Figure 5(b) shows a resulting model corresponding to

the following code:

T1: AA = B

T2: A = C

T3: D = A

De�nition 2 A place Px (output place of Tx) is a competitor of Py (output

place of Ty) and Py is a competitor of Px i�:

1) they represent the same variable 2) Tx 6= Ty.

Rule 3: Output dependence is related to the place implicit to

its competitor. In the case of event graph: two competitors Px
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Figure 5: Output dependence

and Py are related to output dependence i� there is a P-invariant

containing both competitors Px and Py (one of them with inverted

arcs).

The correctness of Rule 3 is proven in the following text.

Example 6: consider the sequence of statements modelled by a

DDG in Figure 6.

T1: A = B + C

T2: B = A + E

T3: A = B

This example modelled by the Petri Net in Figure 7(a) contains two

antidependencies given by the P-invariant Ax�B and B�Ay and one output

dependence Ax �Ay. First of all we will try to break antidependecies. The

only possibility to disconnect the P-invariant Ax�B is to split the place B

and the only possibility to disconnect the P-invariant B �Ay is to split the

place Ay. The resulting model is given in Figure 7(b) and reects the same

algorithm as the DDG model given in Figure 6(b). It is important to notice

here that there is no more output dependence. The output dependence

Ax � Ay disappeared when the P-invariant B � Ay was disconnected. But

this is not always the case.
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Figure 6: Data dependence graph
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Figure 7: Two antidependencies and one output dependence
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Figure 8: The six possible instances of an output dependence
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Theorem 1 Let PNO be a Petri net used to model the output dependence

in an antidependence free algorithm. Then searching for a P-invariant con-

taining both competitors (Py with inverted arcs) in PNO is limited to four

instances given in Figure 8(c)(d)(e)(f).

Proof:

� Notice that instances (a)(b)(c) model the three possible combinations

of two competitors CompX;CompY and one data destination Dest in

acyclic algorithms and instances (d)(e)(f) the three possible combina-

tions in cyclic algorithms.

� Models (a)(b) cannot be taken into consideration because they hold

antidependencies. For example Figure 7(a) is one case of instance (a).

� The following holds for instances (c)(d)(e)(f):

Any additional path (not shown in Figure 8) from CompX to Dest or

fromDest to CompX or from CompY toDest or fromDest to CompY

or from CompX to CompY cannot take part in the P-invariant con-

taining both competitors Px and Py (Py with inverted arcs). So these

paths need not be present in Figure 8 for the needs of Theorem 1.

� The following holds for instances (c)(e)(f):

Any additional path from CompY to CompX is implicit to IP3.

� The following holds for instance (d):

Any additional path from CompY to CompX with zero tokens creates

an antidependence with IP1� IP2. Otherwise, with more tokens, it is

implicit to IP3.

2

Theorem 2 Each of instances (c)(d)(e)(f) has a P-invariant containing

both competitors Px and Py (Py with inverted arcs).

Proof: see Figure 8 2

Theorem 2 implies that we are always able to prove whether place Py is

implicit or not.

Theorem 3 Let PNO be a Petri net used to model the output dependence

in an antidependence free algorithm. Then the following holds for instances

(c)(d)(e)(f):
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Py is implicit to IP3 � Px , elimination of Py does not change behaviour

and results of the modelled algorithm.

Proof:

� instance c)

Py is always implicit ) the sequence of IP dependencies shows that

the data from the competitor Y are �rst overwritten by the competitor

X and then read by destination

� instance f)

Py is implicit (y � x) ) the same memory location is �rst assigned

by competitor Y and then overwritten by the competitor X

Py is not implicit (y < x)) the same memory location is �rst assigned

by competitor X and then overwritten by the competitor Y in one of

the successive iterations

� instance e)

x = 0 or y = 0 ) there is an antidependence

x > 0 and y > 0 ) the transition Dest could be �red and a marking

equal to the one in instance c) reached

� instance d)

y = 0 ) there is an antidependence

y > 0 ) the transitions CompX and Dest could be �red and the

marking equal to the one in instance c) reached

2

Theorem 4 Py is not implicit to IP3 � Px , elimination of Px does not

change behaviour and results of the modelled algorithm.

Proof: From Theorem 3 Py is not implicit , elimination of Py change the

algorithm behaviour , data of the competitor Y are used , data of the

competitor X are not used (see De�nition 2).

2

Theorem 5 An algorithm detecting and removing antidependencies and

output dependencies can be schematically written in the following way:
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begin

1) get PN model from sequential algorithm

2) eliminate antidependencies

3) eliminate output dependencies

4) remove IP-dependencies

5) save result as DAG (acyclic algorithm)

or event graph (cyclic algorithm)

end

Proof: see Theorems from this section

2

Example 7: consider the following loop program with non spec-

i�ed constant z:

FOR k=1:N

T1: A(k+1) = B(k)

T2: C(k) = A(k)

T3: A(k+z) = C(k)

T4: D(k) = A(k)

1
P2

P3

1
P1 P4

1
IP0 IP1 IP3 IP2

P6

P5

T1 T3

T2 T4

 z

 z

Figure 9: Problem with two competitors and two destinations
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The PN model, is given in Figure 9. Let us study the output dependen-

cies for various values of the constant z:

� z � 0

�rst of all the antidependence P3� IP2 has to be eliminated and then

we can look for an output dependence in a new model

� z = 1

P3 is not implicit to IP3 � IP0 � P1 ) P1 is eliminated

P2 is implicit to IP1 � IP2 � P4 ) P2 is eliminated

� z � 2

P3 is implicit to IP3 � IP0 � P1 ) P3 is eliminated

P2 is not implicit to IP1 � IP2 � P4 ) P4 is eliminated

Remark: the case when comparing P1 to P3 for destination T2 corre-

sponds to the instance d) and the case when comparing P2 to P4 for desti-

nation T4 corresponds to the instance f).

3 Conclusion

The objective of this article was to build a PN model of problems given

either in the form of the equations or in the form of the algorithm.

The basic structural features of algorithms are dictated by their data

and control dependencies. These dependencies refer to the precedence re-

lations of computation that need to be satis�ed in order to compute the

problem correctly. The absence of dependencies indicates the possibility of

simultaneous computations. This fact is very important for the automatic

program parallelization.

Figure 10 shows a general view of several modeling approaches where

information is represented by elipses and methods are represented by rect-

angles. As shown in Figure 10 both modelling approaches represented by

Section 1 (model based on the problem analysis) and Section 2 (model based

on the sequential algorithm) lead to the same outcome - representation of

data dependencies by event graphs with nonnegative number of tokens in

each place. Afterwards for the purpose of parallelism detection the event

graph can be reduced as shown in paragraph ??.

The original features of the article are:

It introduces a new term 'general uniform contraints' leading to negative
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Figure 10: Rough comparison of the two modelling approaches
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number of tokens and to antidependencies.

It makes an attempt to compare various modelling techniques.

It shows that the data dependencies of iterative problems can be modelled

by an event graph.

It shows how to simplify the model by reduction of implicit places and self-

loop places, leading to the reduced model which is easier to schedule.

It underlines importance of antidependencies and output dependencies and

it shows algorithm tranformations based on PN analysis (removal of depen-

dencies increases a structural parallelism).

As a whole it presents a modeling strategy, which is coherent for nonitera-

tive as well as iterative problems.
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